By using the fast Fourier transform, the spectral and temporal characteristics of multi-mode laser radiation are investigated for different levels of spectral phase coherence. The transition between continuous-wave and mode-locked regimes in lasers is also discussed.
Fourier analysis is a powerful tool in modern physics. In optics in particular, it laid the groundwork for a new branch, Fourier Optics, which treats problems as diverse as light ͑beam/pulse͒ propagation, image processing, and data encryption. The Fourier transform images a complex time dependent field ⌿(t) into its spectral representation ⌿ (⍀) and is defined as follows: From a mathematical point of view, ⌿(t) and ⌿ (⍀) are equivalent, but depending on the specifics of the problem, it is advantageous to use either the temporal ⌿(t) or the spectral ⌿ (⍀) representation of the optical fields. Many of the properties and some of the applications of the Fourier transform are discussed in detail in Ref. 1. We mention only two that are relevant to the problems discussed in this article. From Eq. ͑1͒ it is evident that the Fourier transformis a linear operation:
F͑⌿͑t ͒ϩ⌽͑ t ͒͒ϭF͑ ⌿͑t ͒͒ϩF͑ ⌽͑t ͒͒, ͑2a͒
F͑a⌿͑t ͒͒ϭaF͑ ⌿͑t ͒͒. ͑2b͒
The derivative operator of nth order in the time domainis replaced by multiplication by (i⍀) n in the frequency domain:
If we combine the properties defined in Eqs. ͑2͒ and ͑3͒, many classes of differential equations can be solved in the complementary space, followed by the implementation of direct or inverse Fourier transform.
2 If an analytical solution exists, this method yields the result in an elegant manner, though it does not avoid an integration. On the other hand, when a numerical solution is sought, 3 fast algorithms make Fourier transforms very time and memory effective, thus obtaining better accuracy for a fixed computation time.
The development of the discrete fast Fourier transform algorithm 4 made the modeling of very complex problems in nonlinear optics feasible by dramatically reducing the computation time from n 2 to n ln(n), with n the number of data points. 5 The discretization is restricted to integer powers of 2, which in most cases does not limit the applicability of the algorithm. It is worth noting that the discrete fast Fourier transform performs a Fourier transform over sampled data in a finite window and special care must be taken in the discretization step in order to minimize spectral peak broadening and the appearance of sidebands. 5 In this paper we investigate the spectral properties of multi-modelaser radiation-an exemplary problem that demonstrates the power of the discrete fast Fourier transform as well as bringing insight into the internal dynamics of mode interaction in a laser cavity. By varying the degree of spectral phase coherence between adjacent modes, we trace the transition from the continuous-wave to the mode-locked regime. The knowledge gained from these examples could serve as a basis for modeling more complex optics problems involving both linear and nonlinear interactions.
In many laser sources, the gain profile is broad enough to encompass several much narrower longitudinal cavity modes. In general, these modes oscillate independently and the output radiation is time-independent, if measured with a sufficiently slow detector. This is known as the continuouswave regime. In reality, the output of such a laser is a superposition of N independent oscillators and will consist of random spikes, corresponding to accidental constructive interference of several modes.
This situation is shown in Fig. 1 . The left-hand graph depicts the spectrum ͑top͒ of such a laser source along with the phase ͑bottom͒ of the individual spectral components ͑cavity modes͒. Here, the spectral width is chosen to be 1 GHz, and the number of discretization points is 2 15 ϭ32 768, which corresponds to Ϸ330 modes within the gain peak. The individual modes are described by ⌿( i )ϭA( i )exp͓i(2 i t ϩ i )͔, and their intensities are defined as I( i )ϭ͉A( i )͉ 2 . If there is no phase relation between adjacent oscillators, the phases will be completely random and ͉⌬ i ͉ϭ͉ i Ϫ iϪ1 ͉ р. By applying the inverse discrete fast Fourier transform, the time-dependent evolution of the optical field is obtained and is shown on the right-hand side of Fig. 1 . The intensity distribution ͑top͒ is characterized by narrow spikes appearing at random times. The corresponding phase distribution ͑bot-tom͒ features random phase excursions at the positions of the spikes.
If we are able to impose a restriction on the phase change ͉⌬͉ between two adjacent modes, both the output intensity and the phase patterns will change dramatically. When the initial phases of the oscillators are not allowed to vary freely, the accidental constructive interference will take place for more modes, thus giving rise to more intense spikes, grouped around tϭ0. The case, if ͉⌬ i ͉р/2, is shown in Fig. 2 , where a ''quasi''-pulse is formed with a width of Ϸ100 ns and a peak power Ϸ15 times higher than the average continuous-wave power. Nevertheless, due to energy conservation, the average power remains unchanged. In the case of ͉⌬ i ͉р/4 ͑Fig. 3͒ the pulse is narrower (Ϸ20 ns) and the peak power exceeds the continuous-wave power level by a factor of 50.
When the phase relation between the adjacent modes is more stringent, almost all modes constructively interfere in time, thus resulting in a train of narrow pulses ͑see Figs. 4 and 5͒. The peak power in the latter case is Ϸ1700 times the continuous-wave power and the pulse duration is solely determined by the spectral width. The ultimate limit ͉⌬͉ϭ0 is known as the mode-locking regime. For a Gaussian spectral/temporal distribution, the following relation between spectral and temporal full-widths at half maximum holds: 6 ⌬⌬tу 2 ln 2 Ϸ0.441. ͑4͒
The Gaussian pulse, for which the product ⌬⌬t approaches 0.441, is referred to as Fourier-transform limited pulse. This corresponds to the shortest possible pulse for a given spectral width ⌬, or the narrowest spectral width for a pulse of duration ⌬t. Lasers in the mode-locked regime are the ideal sources for such pulses. In the numerical experiments discussed above, the degree of spectral coherence ͉⌬ i ͉ was introduced in the initial conditions by means of a random number generator rnd͑␣͒, which produces real numbers in the interval (Ϫ␣,␣):
In practice, the mode-locking regime can be reached by introducing a time-varying modulation of either the optical path ͑phase modulation͒ or the loss in the cavity. 7 The modulation is achieved in many ways, generally falling into two groups referred to as active and passive mode-locking. The scheme for actively mode-locking a laser by means of loss modulation is shown in Fig. 6͑a͒ . In order to force all amplified cavity modes ͓Fig. 6͑b͔͒ to oscillate coherently ͑with fixed initial phase͒, we can introduce a rf loss modulator inside theresonator. If the modulation frequency exactly matches the mode separation ⌬, every amplified mode will generate sidebands at the frequencies of its neighbors ͓see Fig. 6͑c͔͒ . In this way all modes become interconnected and oscillate with ⌬ϭ 0 . The output radiation then consists of a train of pulses with a duration inversely proportional to the gain bandwidth and repetition rate equal to the modulation frequency. By varying the modulation depth between 0 and 1, different degrees of spectral phase coherence can be achieved. In this way we can experimentally reproduce the modeling situations presented in Figs. 1-5 . The actual value of 0 , assumed for simplicity to be 0, plays no essential role in the level of coherence discussed above, as long as it is constant for all mode indices i.
Active mode-locking can also be achieved by synchronous pumping of the active medium with a repetition rate equal to the mode separation ⌬. More widely used are the passive mode-locking schemes. They do not require external devices and frequency stabilization, but rely on nonlinear effects like thermal lensing or saturation in the absorption of organic dyes. A fortunate combination of broad amplification range and strong nonlinearity 8 leads to very efficient self-modelocking in titanium ͑Ti͒ doped sapphire (Al 2 O 3 ), nowadays widely used for the generation of ultra-short pulses. 9 The passively mode-locked lasers, owing to their bistable nature, do not generate partially spectrally coherent radiation, and therefore, their output can only be described in terms of either continuous-wave (͉⌬ i ͉р) or ideal mode-locking (͉⌬ i ͉р0).
In conclusion, we have shown that the understanding of the interconnections between the spectral properties of the output radiation of a multi-mode laser and its temporal behavior can be aided by the use of discrete fast Fourier transform. The method allows for both a visual and physically correct interpretation of the different levels of spectral coherence, which can be achieved in real systems and can be applied to diverse classes of problems in physics.
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The work was supported by the National Science Foundation Grant No. NSF DMR 9974031. forces all modes to oscillate in phase and the output is a train of short pulses with a repetition rate equal to the mode spacing. Fig. 6 . Active mode-locking. ͑a͒ General scheme of an actively modelocked laser; ͑b͒ gain profile of the active medium, covering many cavity modes; ͑c͒ energy exchange via amplitude modulation ⌬.
